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ON THE RENORMALIZED VOLUMES FOR 
CONFORMALLY COMPACT EINSTEIN MANIFOLDS 


Sun-Yung A. Chang^, Jie Qing^ and Paul Yang^ 


Abstract. We study the renormalized volume of a conformally compact Einstein 
manifold. In even dimensions, we derive the analogue of the Chern-Gauss-Bonnet 
formula incorporating the renormalized volume. When the dimension is odd, we 
relate the renormalized volume to the conformal primitive of the Q-curvature. We 
also show how all the global information come from the scattering. 


0. Introduction 

Recently, there is a series of work ([GZ],[FG-2] and [FH]) exploring the connection 
between scattering theory on asymptotically hyperbolic manifolds, the Q-cnrvatnre 
in conformal geometry and the ” renormalized volnme” of conformally compact Ein¬ 
stein manifolds. In particular, in [FG-2], a notion of Q-curvature was introduced for 
an odd-dimensional manifold as the boundary of a conformally compact Einstein 
manifold of even-dimension. In this note, in section 2 below, we will clarify the 
relation between the work of [FG-2] and the notion of Q-curvature in our earlier 
work [GQ] for the special case when the manifold is of dimension three. We then 
explore this relation to give a different proof of a result of Anderson [A] writing the 
Ghern-Gauss-Bonnet formula for conformally compact Einstein 4-manifold with the 
renormalized volume. Our proof makes use of the special exhaustion function intro¬ 
duced in [FG-2] that yields remarkable simplihcation in computing the Q curvature. 
In section 3, using some recent result of Alexakis on Q-curvature, we generalize the 
Ghern-Gauss-Bonnet formula involving the renormalized volume to all even dimen¬ 
sional conformally compact Einstein manifolds. The formula includes as special 
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case the formula of Epstein (appendix A in [E]) for conformally compact hyperbolic 
manifolds. The formula also shows that the renormalized volume is a conformal 
invariant of the conformally compact structure when the dimension is odd. Finally 
in section 4, we obtain a formula similar to that in [FG-2] expressing the renor¬ 
malized volume of a odd dimensional conformally compact Einstein manifold as the 
conformal primitive of the Q curvature, and in terms of the data of the scattering 
matrix. 

We would like to mention that there are some interesting recent works [Abl] 
[Ab2] of Albin on the renormalized index theorem. 

1. Conformally compact Einstein 

MANIFOLDS AND RENORMALIZED VOLUMES 

In this section, we will hrst recall some basic dehnitions and facts of conformally 
compact Einstein manifolds. We then state the main result in [FG-2]. 

Given a smooth manifold of dimension n -|-1 with smooth boundary dX = 

Let a; be a dehning function for in as follows: 

a: > 0 in W; 
a: = 0 on M; 
dx ^ 0 on M. 

A Riemannian metric on W is conformally compact if {X, x'^g) is a compact 
Riemannian manifold with boundary. Conformally compact manifold {X'^~^^,g) 
carries a well-dehned conformal structure [^] on the boundary where each g 
is the restriction of x'^g for a dehning function x. We call (M”, [^]) the conformal 
inhnity of the conformally compact manifold {X'^^^,g). If, in addition, g satishes 
RiCg = —ng, where RiCg denotes the Ricci tensor of the metric g^ then we call 
(^n+i,^) conformally compact Einstein manifold. 

A conformally compact metric is said to be asymptotically hyperbolic if its sec¬ 
tional curvature approach —1 at dX = M. It was shown ([FG-1], [GL]) that if g 
is an asymptotically hyperbolic metric on X, then a choice of metric g in [^] on 
M uniquely determines a dehning function x near the boundary M and an identi- 
hcation of a neighborhood of M in W with M x (0, e) such that g has the normal 
form 

(1.1) g = x~‘^{dx‘^ + g^) 

where gx is a 1-parameter family of metrics on M. 

As a conformally compact Einstein metric g is clearly asymptotically hyperbolic, 
we have, as computed in [G-1] by Graham, 

(1.2) gx=9 + + (even powers of x) + + g^^'^x'^ + ■ ■ ■ , 



CHANG, QING AND YANG 


3 


when n is odd, and 

(1.3) dx = 9 + + (even powers of x) + + hx'^ log a: + ■ ■ ■ , 

when n is even. Where g = x‘^g\x=o, are determined by g for 2i < n. The trace 
part of is zero when n is odd; the trace part of g^'^^ is determined by g and h 
is traceless and determined by g too when n is even. 

As a realization of the holography principle proposed in physics, one considers 
the asymptotic of the volnme of a conformally compact Einstein manifold {X^~^^,g). 
Namely, if denote by x the dehning fnnction associated with a choice of a metric 
g E [g], we have 

(1.4) Volg({a; > e}) = cqc ^ + C 2 e + ■ ■ ■ + Cn—ic ^ + E + o(l) 
for n odd, and 

(1.5) Volg({a: > e}) = coe“"' + C 2 e“"'+^ H-h Cn- 2 e“^ + L log ^ + E + o(l) 

for n even. We call the constant term V in all dimensions the renormalized volnme 
for {X'^~^^,g). We recall that V in odd dimension and L in even dimension are 
independent of the choice g in the class [^] (cf. [HS] [G-1]). 

Based on the work of [GZ], Fefferman and Graham [FG-2] introdnced the fol¬ 
lowing formnla to calcnlate the renormalized volnme V for a conformally compact 
Einstein manifold. Here we will qnote a special case of their resnlt. For odd n, 
npon a choice of a special dehning fnnction x, one sets 

d > 

V = - —U=np(s)l, 

where p(s) denotes the Possion operator (see [GZ] or section 4 below for the deh- 
nition of the operator) on The v solves 

(1.6) —An = n in 
and has the asymptotic behavior 

(1.7) V = \ogx-\-A-\-Bx'^ 

in a neighborhood of where A, B are fnnctions even in x, and A\x=o = 0. Then 
Fefferman and Graham in [FG-2] dehned 

( 1 . 8 ) 

where kn = 2"' r(-") ■ 


iQn^{g,g) knB\x=0 
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Theorem 1.1. ([FG-2]) When n is odd, 

(1.9) = ^ 

i^n J M 

In section 2 and 3 below, we will apply Theorem 1.1 to identify the renormalized 
volnme as part of the integral in the Ganss-Bonnet formnla for M”, ^f) when 

n is odd. In section 4, we recall the work in [GZ] and [FG-2] relating the Q-cnrvatnre 
to data of scattering matrix on the asymptotically hyperbolic manifold and 

derive a similar formnla for the renormalized volnme when n is even. 

2. Chern-Gauss-Bonnet formula for n = 3 

To motivate onr discnssions in this section we hrst recall some works in [GQj. 
First we recall that the Paneitz operator dehned on 4-manifold as: 

(2.1) P4/2 = A2 + 5{^i?(7-2RicH 

where R is the scalar cnrvatnre, Ric is the Ricci cnrvatnre. There are two important 
properties of the Paneitz operator: 

(P4/2)s„ = e-‘‘"-(P4/2),. 

(2.2) (Pil2)gU, + (Qi), = 

for any smooth f un ction w dehned on the 4-manifold, and where = e^'^g and 
where Q is the cnrvatnre f un ction 

Q4 = ^(-AR+|R|2-3|Rm|2). 

D 

In [GQ], on a compact Riemannian 4-manifold {X'^,g) with bonndary, a third 
order bonndary operator Pf, and a third order bonndary cnrvatnre T were introdnced 
as follows: 

(2.3) (Pi), = -1 Aa, + a a + jifA + . V„ - (F - ip) A 

and 

(2.4) Tg = ^^ + ^RH - R^NgNL^g + - ^TrL^ _ ^aH, 
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where ^ is the outer normal derivative, A is the trace of the Hessian of the metric 
on the boundary, V is the derivative in the boundary, L is the second fundamental 
form of boundary, H = TrL, F = RaNaN, and R is the scalar curvature all with 
respect to the metric g. Ph and T transform under conformal change of metric on 
the boundary of similar to that of P 4/2 and (54 on as follows: 

{P,)gW + T, = T,y- 


We remark that {Pb)g and Tg thus dehned depend on the metric g on (A^, ^f), and 
are not intrinsic quantities on the boundary of 

In [CQ], we have also re-organized the terms in the integrand of Gauss-Bonnet 
formula for 4-manifolds with boundary into the following form: 


(2.6) A f y Wp + Q)dv + = X(X), 

where 

(2.7) C = —PH — FH RctN/3NLa/3 — Ra-ig-iLag + ~ H\L\^ -|- TrL^. 

o y 

We remark that the Weyl curvature W is a point-wise conformal invariant term on 
the 4-manifold, while £ is a point-wise conformal invariant term on the boundary 
of the manifold. 

We also remark that when the boundary is totally geodesic, the expressions of 
{Pb)g and Tg in (2.3) and (2.4) above become very simple; 




i_a_ 

2 dn 





A 

dn 


T 

-L n 


12 dn ’ 


and in this case C vanishes. 

Given a conformally compact Einstein manifold (A"^"*”^, ^f) and a choice of metric 
g in the conformal inhnity (M, [^]), we consider the compactihcation (A"^"*”^, e^'^g), 
where v is the function which satishes (1.6) and (1.7). We observe that 

Lemma 2.1. When n is odd, {Qn+i)e‘^^g — 0. 

Proof. The proof follows an observation made by Graham ([G-2], see also [Br]) 

that the Paneitz operator P n+i on an Einstein manifold is a polynomial of the 

2 

Laplacian V{A) and the polynomial V on the Einstein manifold is the same as the 
one on the constant curvature space with the constant the same as the constant 
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of the scalar curvature of the Einstein manifold. Meanwhile the Q-curvature Qn+i 
of an Einstein manifold is the same as the one on the constant curvature space. 
Therefore = V{/^g) if = T’(Ag^), and (Qn+i)g = {Qn+i)gH: 

where is the hyperbolic space. 

n-\-\ 

2 

(—A/^-^+i — Cl) 

1=1 

where Ci = + I - 1)(^ - /). Therefore 

rr + l 

(2.9) (P^), = - l)!Ap. 

1=2 

Th “I” 1 

Meanwhile ((5 ti+i)h"+i == Thus 

n “I” 1 

(2.10) (Q^+i) 3 = (-1) —n!. 

Thus if V satishes the equation (1.6), we have 

(2.11) (Pn + l )gV + = 0. 

It thus follows from equation (2.2) that {Qn+i)e‘2^g — 0. 

We will now combine the above observation to Theorem 1.1 of [FG-2] to give 
an alternative proof of a result of Anderson [A] (Theorem 2.3 below) for conformal 
compact Einstein 4-manifold (A^, ^f). We hrst relate our curvature T to that of Qs 
as dehned in (1.8). 

Lemma 2.2. 

( 2 . 12 ) Te'^'^g — ^B\x=0 — iQ3)(g,g)- 

Proof. By the scalar curvature equation we have 

Therefore for v satishes equation (1.6), we have 




CHANG, QING AND YANG 


7 


We now apply the asymptotic expansion of n in (1.7) and write 

— 2 A 2 — 2Bqx + Oix^) 

|Ve — —- -|- 2A2 + ABqx + 
x^ 

where A 2 is the coefficient of x^ of A and Bq = i?|a;=o. We get 

1 d 

Te' 2 'Ug = ~ ~ ^(9,9)- 

This hnishes the proof of the lemma. 

Theorem 2.3. [A] Suppose that {X^^^g) is a conformally compact Einstein mani¬ 
fold. Then 

(2.13) ^ \W\ldv, + f^V(X\g) = x(X-). 

Proof. Apply Lemma 2.1 to (2.6), we have 

I^|e2«g dVe'2vg + ^)(e^”S,g) ^'^9 ~ )• 

We now observe that as the bonndary of M of is nmbilical, C(^e^vg g^ = 0. 
Apply Lemma 2.2 and Theorem 1.1. we obtain (2.13) for the metric e'^'^g. We 
then observe that once the formnla (2.13) holds for the metric e'^'^g, it holds for any 
metric g G [g] with {X^~^^,g) a conformally compact manifold as the term of the 
renormalized volnme V is conformally invariant. 

3. ChERN-GaUSS-BONNET formula in higher DIMENSIONS 

In higher dimensions when n = 2k-\-l > 3 we wish to determine the analogons for¬ 
mnla for the Enler characteristic. We continne to consider the metric e^'^g) 

where v satishes the eqnations (1.6) and (1.7). We will hnd that the parity condi¬ 
tions imposed in (1.7) makes it possible to determine the local bonndary invariants 
of order n for the compact manifold e^^^r). According to (1.1) and (1.7) we 

have the expansion of the metric e^^g. 

e^^gr = H^dx^ + Q + -|- even powers in x 

(3 1) 

^ ^ (2^0^ ^ ^(n))^n ^ . 

where 

B — = 1 + e 2 X^ -t- even powers in a: -)- -|- Bqx^ -I- 

and for l<f<(n — l)/2 are local invariants of g. We remark that it is easy 
to see that the bonndary of e^^( 7 ) is totally geodesic. 



RENORMALIZED VOLUME 


Lemma 3.1. 

n — 3 

(3.2) R)e^^g\x=o = -2nn!So. 

Proof. We have 

i^Vdet Qx 

where the coefficients have the following properties: is a zeroth order 

differential operator, having an asymptotic expansion in powers of x in which the 
first nonzero odd power term is is a zeroth order differential operator, 

having an expansion in which the first nonzero even degree term is x^~^. is 

differential operator of order 2 of pnrely tangential differentiations with coefficients 
which have expansion in powers of x in which the first nonzero odd term is x^. 
Indnctively, we see that, for k < 

(3.3) A'- = + ... + + Q<i> 

where (* 7 ^ 0) is a differential operator of order 2 k — i of pnrely tangential 
differentiations with coefficients having expansions in powers of x in which the 
first nonzero even terms are jf j jg odd, and the first nonzero odd terms 

are jf ^ jg even, and is a differential operator of order 2 k of pnrely 

tangential differentiations with coefficients whose expansions in x have the first 
nonzero odd terms Thns 

(3.4) = i?( 2 fc+l) 52 fc+l ^ p{2k)Q2k + ... + + p{0) 

where (0 < f < 2/c + 1) is a differential operator of order 

2 k — i + 1 of pnrely tangential differentiations with coefficients whose expansions 
in X have the first nonzero even terms are 2:"^-(2A:-t)-i jf ^ jg gyen, and the first 
nonzero odd terms are a;»^-(2fc-i)-i jf ^ jg odd, and is a differential operator of 
order 2 k of pnrely tangential differentiations with coefficients whose expansions in 
X have the first nonzero even terms 
On the other hand, we have 

(3.5) = —2vf{n — 1 )Bqx^~‘^ + even powers of x terms + o(a:"'“^). 


Keeping track of the parity, we obtain (3.2). 
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Next we deal with all other boundary terms, these are contractions of one or 
more factors consisting of curvatures, covariant derivatives of curvatures, except 
d^~^R which is accounted in the above term dxA^~R. Since n is odd, and dx is 
the normal direction, each such term must contain at least one x index. In fact, 
the total number of x indices appearing in each of such terms must be odd. Thus 
one hnds that each of such terms always contains a factor which is a covariant 
derivatives of curvature and in which x index appears odd number of times. Such 
factors, if we insist on taking V^; hrst, must appear as one of the following three 
different types 

(I) V* ... V*Vf+‘iJ**** 

where stands for indices other than x, in other words, tangential. 

(II) V*...V*Vf 

and 

(HI) 

Note that in all three types 1 < 2k+ l<n — 2. Since the boundary is totally 
geodesic, we only need 

Lemma 3.2. All three types of boundary terms 

vanish at the boundary for l<2k + l<n — 2. 

Proof. We consider a point at the boundary and choose a normal coordinate on the 
boundary in the special coordinates for Recall 

Ra,j3')S 2 ( dctdjQfSS T T dadgQ 

- g^^{[a'y,r]][l36, A] - [/^y,ry][aJ, A]), 

and 

'^xTaP-'-S — dxTap.-.S “ ^T\g...s — ^TaX-.-S “ ' ' ' ” ^Tap-.-X 

n-, = s'‘^VhA 


where 
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and ^ 

[ct/3, djQap'). 

For the simplicity of the notation we will nse g to stand for g if no confnsion can 
arise. Each of the three types is a snm of prodncts of factors that are of the form: 


dctdg • ■ ■ d^gxfj^ 


or 

dad/3---d^g^^^. 

We claim that each snmmand mnst has a factor that is one of the following 

d^---d4,dl’^+^g4,4„ 

d^---d^^df-^g^^, 

d^---d^df+^g^^. 

and 

d4^---d4^df-^g^^. 

where 1 < 2/c +1 < n — 2. To verify the claim, one needs to observe that, in writing 
the three types in local coordinates, the nnmber of times the index x appears in 
each snmmand increases only when one sees 

r X rp 

where the nnmber of x increases by 2. Thns, in the end, the total nnmber of index 
X in each snmmand is still odd. Therefore one of the factors mnst have odd nnmber 
of X. Finally one observes that for any individnal factor arising here the nnmber of 
X can not exceed n — 1. So the proof is complete. 

We now apply above resnlts to derive a formnla analogons to that of Theorem 
2.3 for the renormalized volnme on ^f) for n = 5. In this case, we recall the 

formnla of Graham [G-1]: 

(3.6) Qe = edrr^e -\j + ^ + Div(T) 

6 10 

where e is the Enler class density whose integral over a compact 6-manifold gives 
its Enler nnmber, 

J = -3/ + 
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/ = |1/|2 - + IQ\C\\ 


^ijklm ^^ijkl^m “1“ QimCjkl QjmCikl H" QkmCnj QlmCkij: 


Cijk Pij^k Pik^j") 

Wijki is the Weyl curvature, Rij is the Ricci curvature, R is the scalar curvature, 
and Div(T) are divergence terms other than A^R. Qq in this form is organized 
so that it is a sum of three types of terms: Euler class density, local conformal 
invariants, and divergence terms. G 

Theorem 3.3. For n = 5, we have 


(3.7) = 

where 

J = -iVlTp + 8|1T|2 + 


Proof. As a consequence of above lemmas, we have 

Since J is a local conformal invariant and g is an Einstein metric, we obtain (3.7) 
directly from (3.8). 

We can hnd a general formula for all higher dimensions. We recall a recent result 
of S. Alexakis [Al]. 

Theorem 3.4. [Alexakis] On any compact Einstein m-dimensional manifold with 
m even, we have 

(3.9) Qm = ame R J + Div{Tm). 

where e is the Euler class density, J is a conformal invariant, and Div{Tm) is a 
divergence term and am is some dimensional constant. 

We also recall a fact we learned from Tom Branson [Br]: 
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Proposition 3.5. On any compact m-dimensional manifold for m even, suppose 
Qm is the curvature in the construction of [GJMS] and [GZ], [FG-2], then 


(3.10) 


Qr 


hmA' 


R + lower order terms, 


where 


bm = (- 1 ) 2 


-2 2 


m—1 / 


(f)!r( 


m+l ' 
2 ^ 


^/n{m — l)m\ 


Theorem 3.6. When n is odd, we have 

C p/ n+2 N 

(3.11) / {W„+i),dv, + {-l)'-^W^V{X"+\g)=x{X’'+') 

TT 2 

for some curvature invariant Wn+i, which is a sum of contractions of Weyl curva¬ 
tures and/or its covariant derivatives in an Einstein metric. 

Proof. We first establish that equation (3.9) remains valid on a conformally Einstein 
manifold g). Let — e^^g be such a metric, then it follows from the Paneitz 

equation that for m = n + 1, 

— i^Pm)gV “1“ {,Qm)g 

(3.9’) = ameg + Jg + Div{T') 

= amSg,, + Jg,, + DiviT") 

the second equation follows from the fact that the Paneitz operator Pm is a diver¬ 
gence and Theorem 3.4. The third equation follows from the fact that the Pfaffians 
of any two Riemannian metrics on the same manifold differs by a divergence term 
and J is a, confer ami invariant. 

In order to apply this formula, we need to observe that the leading order term 
R in formula (3.10) cannot appear in the conformally invariant term J. In 
order to see this, we first recall that the J is a linear combination of terms of the 
form Tr{X^^P^V^^P... 0 of weight m where Tr denotes a suitably cho¬ 

sen pairwise contraction over all the indices. Observe that the conformal variation 
Sw{^^~)R: where 5^ denotes the variation of the metric g to g^ is of the form 
A^w -|- lower order terms. Thus if A^~R does appear as a term in J', its con¬ 
formal variation must be cancelled by the conformal variations of the other terms 
in the linear combination, but it is clear that the conformal variations of the other 
possibilities of the curvature TZ other than the scalar curvature R cannot have order 
m in the number of derivatives of w and of the form A~ w. 
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We can now apply the formnla (3.9’) to the metric = e'^'^g where v is as in 
Lemma 2.1., thns by Lemma 2.1 the left hand side of (3.9’) is identically zero, and 
we hnd 

a„xA"+‘) = f (Jn, - Div{r'))dv,,.. 

Among the divergence terms in Div{T"), only the leading order term R 

has a non-zero contribntion according to Lemma 3.2. The compntation in Lemma 
3.1 determines the precise contribntion of this term as a mntiple of the renormalized 
volnme. We also note that as g is an Einstein metric, we may assnme that the terms 
which appear in the conformal invariant are contractions of the Weyl cnrvatnre 
together with its covariant derivatives. We have thns hnished the proof of Theorem 
3.6. 

Corollary 3.5. When is conformally compact hyperbolic, we have 

(3.12) r(X"+‘. 9) = 


One may compare (3.12) to a formnla for renormalized volnme given by Epstein 
in [E], where he has 


(3.13) 


V{X^+\g) 


(-l)"^22"^m! 

(2m)! 


X(^) 


for n = 2m — 1. 


4. Scattering theory and the renormalized volume 

We now recall the connection between the renormalized volnme and scattering 
theory introdnced in [GZ]. Snppose that g) is a conformally compact Einstein 

manifold and (M"^, [^]) is its associated conformal inhnity. And snppose that x is 
a dehning fnnction associated with a choice of metric g G [^] on M as before. One 
considers the asymptotic Dirichlet problem at inhnity for the Poisson eqnation 

(4.1) (—Ag — s(n — s))^ = 0. 

Based on earlier works on the resolvents, Graham and Zworski in [GZ] proved that 
there is a meromorphic family of solntions u{s) ~ p{s)f snch that 


(4.2) 


p(s)/ = Fx"-‘ + Gx‘ \!s(n/2 + N 
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where F, G, G F\m = /, and F, G mod 0{x'^) are even in x. Also if njl — s 

is not an integer, then G\m is globally determined by / and g. The scattering 
operator is dehned as: 


(4.3) 


S{s)! = G\m- 


Thns the fnnction v satisfying (1.6) and (1.7) stndied in [FG-2] is dehned as: 


(4.4) 


V ^ -,^|s=„S3(5)l. 

as 


Therefore when n is odd, we may rewrite (1.8) in Theorem 1.1 as 

d 


(4.5) 


V(X’'*\g) = - (-|„„S(s)l)<Jt, 

J M ds 


g- 


We will now point ont that formnla similar to that (4.5) holds also when n is 
even. To do so, we hrst establish some notations. 

When n is even and conformal Einstein. For each s < n and close to 

n, we consider the solntion of the Possion eqnation p{s)l = u{s) as in (4.1). Then 


(4.6) 


u{s) = x^ ^F{x, s) + x^G{x, s) 


for fnnctions F, G which are even in x. We denote the asymptotic expansion of F 
near bonndary as 


(4.7) F(a:, s) = 1 + a 2 (s)a:^ + a 4 (s)a:^ + ■ +an{s)x'^ + -. 


Denote a). = ■^|s=n(ifc(-s). We have the following formnla. 

Theorem 4.1. Suppose that (A"'+^, g) is a conformally compact Einstein manifold 
with even n. For a choice of metric g G [g] of the conformal infinity (M, [^]), the 
renormalized volume is 


(4.8) 


V{X’‘+',g,g) = - f {f\,=„S{s)l)dvg 
Jm “'S 




2 )a^_ 2 V^‘^^ dv g — 



a^dvg. 


Proof. Using the notations as set in (4.6) and (4.7), we have 

V = — — |s=n'w('S) = F{x, n) logo: — F' — x^G' + G{x, n)x^ logo:. 
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Since 

and 


F{x, n) = 1 - c^Qnx"^ + 


G{Xjn)\M = CB-Qn = lim S'(s)l, 

^ s^n 

where Ck — (—l)^(2^^/c!(/c — 1)!)“^, and 


_dF\ A n' 

F s=n,7 G s=n,* 

as as 


We get 


V — logo: — F' — x^G' — 2ci±QnX'^ log a: + 0{x'^~^^ logx). 
Recall the expansion of the volnme element 


dVg^ = 


= Vd^tif^dvg 


= {l+v^^h^ + v^^h^ + ---)dv^ 


where v^‘^\ ■ ■ ■ , are determined by g. We have 


vol({a: > e}) = 


1 


n 


—Avdvn = 


’ x>e 


» n L_, dn ’>• 


n 


C dv 
'm 9x 


x=edVg^ 


where 


na'^x^ ^ — n( —|s=Ti‘S'(s)l)a: 


d 


n—1 


Thns 


VO 


dv 1 

dx X "■ ^ ds' 

— 2c^QnX'^~^ — 2nc:^QnX'^~^ logo; + o{x'^~^). 

l({a: > e}) = ■ ■ ■ + - [ -_ 2 )v^^^a'^_. 


n 


'M 


d 


na'^ - n —|s=n5'(s)l - 2c^Qn)dvg + 


and the renormalized volnme for is 

V{X^+^,g,g) =-- [ 2 a 2 V^^~‘^^dVg - -[ {n - 2 )a'^_ 2 V^‘^Uvg 


' M 


' M 


d 


- / a'^dvg- / ( —|5=^S'(s)l) dn 


'M 


'M 


ds' 


^9- 


We have thns established the formnla (4.8). 


We remark that the coefficients a), for k < n in formnla (4.8) can be explicitly 
compnted and are cnrvatnres of the metric of g of the conformal inhnity (M, g). In 
the following, we write down the formnla for the cases n = 2 and n = 4. 
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Proposition 4.2. Suppose that is a conformally compact Einstein man¬ 

ifold with even n. For a choice of metric g G [g] of the conformal infinity (M, [^]), 
we have 

(4.9) V{X^,g,g) = -[ {-^\s= 2 S{s)l) dvg, for n = 2 

J as 

and 

(4.10) V{X^,g,g) = - 32^35 i-^\s= 4 S{s)l) dvg, for n = 4 

where Rg is the scalar curvature for {M^,g). 

Proof. For n = 2, one may calculate and obtain 


02(3) = 2 Kg, 


where Kg is the Gaussian curvature of {M‘^,g), thus = 0, and (4.9) follows 
directly from (4.8). For n = 4, one calculate and obtain 


thus 

(4.11) 

and 

04 


where 

(4.12) 


02 ( 5 ) 


4 — s 

4(3^1) 


TTg(^\ 


a' - -\Ttg(^'^ 


8(4 - s) 

(4 — s )(6 — s) 


((4-s)(2IV9(‘»-|9M|2) 
(TV9<">)2 


4(3 - 9 ) 
■h2TV9l'‘)-|9l2)p 


8(3 - s; 


■ATr^(2)) 


(6-g) 
4(3-s) 


(Trg^^^f 


4(3 - s; 


-ATr^(2)) 


9 


( 2 ) 



1 

6 


Rgd), 


(4.13) 


= ^\9 
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Thus 

(4.14) a' = l(3(Tr(7(2))2 + ATrg^^^) 

Insert (4.11) and (4.12) and (4.14) to (4.8) and recall that when n = 4, = 

iTr^f^^), we obtain (4.10). 

We end the section by deriving a variational formula, which indicates that when 
n is even, the scattering term in the renormalized volume is a conformal anomaly 
and is a conformal primitive of the Q-curvature Qn- Namely, 

Theorem 4.3. Suppose that g) is a conformally compact Einstein manifold 

with conformal infinity (M, [^]), and that n is even. Then 

(4.15) -^10 = 0 [ Sf,2a-W g dVg2a'w g — —2c^ [ W (Qn) g dvg 

doi Jj^ Jm 

where Sg ~ '^\s=nS(g^g'){s)l; and Sf^g^g'j is the scattering operator as defined in (4-3). 

To prove the theorem, we hrst list some elementary properties of scattering ma¬ 
trix under conformal change of metrics, we assume the same setting as in Theorem 
4.3. 

Lemma 4.4. Denote S{s) = = 5'(g,g)('S) the scattering matrix, and g^ — e^'^g 

a metric conformal to g. Then 

(a) 

(4.16) 5g^(s) 

(b) S(s) has a simple pole at s = n and its residue is i.e. 

(4.17) S{s) = -^-A^+T{s) 

s — n 

where where T{s) is the regular part of the scattering matrix near s = n and Pn is 
the Paneitz operator. 

(c) 

(4.18) 5'(n)l = lim 5'(s)l = T(n)l = cnQn- 


(d) 


e""Sg^{n)l = e^^ lim e-^^S{s)e^^-^'>^ 

s — 

- hm(-- +T{s)e^^-^^^) 

s^n s — n 

— cqP^w + S{n)l. 


(4.19) 
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Proof. 

(a) is a simple consequence of the definition of the scattering matrix, (b) and (c) 
follow from the work of [GZ], (d) is a consequence of the equation 


relating the Paneitz operator to Q -curvature on even dimensional manifolds. 
We now compute the variation of 


d 


<M 


\s = nS[g^g){s)ldV^ 


under the conformal change of metrics in [g\. Denote by Sg = ^|s=n5'(g,g)('S)l with 
respect to the metric ^ on M. 

Lemma 4.5. 


(4.20) 


{Se^^gO^^ - Sg)dvg =-c^ / {w {PgW + 2w{Qn)g) dv 


' M 


' M 


g- 


Proof. By dehnition we have 


(4.21) 


Sg^2w 6 


^ / >S'e2^g(s)l - Se2n,^{n)l 

s^n s — n 


Apply (4.16) and (4.19), denote P- = (Ps)g, Q = Qn = iQn)g and T = T(g,g), we 
obtain 


- cnPaw - caQj 


(4.22) 


s — n s — n 

^^{n-s)w _ + A(s)eG-D^ _ ci^P^w - 


,{n-s)w _ 


s — n 


S{s)e 


{n—s)w 


+ 


s — n 

A(s)eG-D» - czlP^w - cnQ^ 


s — n 


We now claim that after taking limit we have 


(4.23) -Sg = -c^{wPqw + wQg - -P^w‘^) -T{n)w. 


To see the claim we observe that 


(4.24) 


^{n—s)w _ Y 

lim-= — 10 , 

s^n s — n 
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(4.25) 


lim = lim(--+ T(s)e(”“"^“) 

s — s—>n S — 71 

= c^P^w + c^Q^, 


(4.26) 


lim 

S—>n 


^(g)g(n s)w _ 


s — n 


_ - 1) - c^P^w ^ S{s)l-S{n)l . 


s — n 


s — n 


S{s){e^'^ — 1) — ciiPiiio 

= lim —^+ 5, 


s — n 


9’ 


and 


(4.27) 


5 '( s )( e ("' — 1) — cilPilw 

lim- - —^— 


s — n 


= lim 

S — 


+ T(s)(e(’"-^)“' - 1) - cuP^ 


w 


s — n 


(n-s)» _ - (n - s)m; - 1 

= lim —cuPa. -^-tt: -h lim T{s) - 


(s — n)^ 


s — n 


1 


=- cilPhw'^ — T(n)w. 

0 2 2 ^ 

Thus the claim (4.23) follows from the formulas (4.24) to (4.27). 

Due to the fact that both operators Pn and T{n) are self-adjoint, we have 


/ Pi±w‘^dvg = / w‘^Pi±ldVg = 0 

'm ^ Jm ^ 


and 


T{n)wdvg = I wT{n)ldvg = cji j wQndvg. 
Thus integrating (4.23), we get 


/ Sf,2n, gdv g — / SgdVg = —c^ / {wPqW + 2wQn)dvp 

'm Jm ^ Jm ^ 


This is the desired formula (4.15). 
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Theorem 4.3 follows from Lemma 4.5 by a simple integration. 

We remark that (4.10) and (4.15) give another proof of the fact observed in [HS] 
and [G-1] that when n = 2, V{X^,g) is the conformal primitive of the Gaussian 
curvature Kg on (M^,^); while for n = 4, V{X^,g) is the conformal primitive of 
^cr 2 {g) on (M^,^), where 

(^ 2 ( 9 ) = - 3\Ric\l) 

and the relation of cr 2 {g) to {Q 4 )g is given by 

(4.28) {Q 4 )g = ^(-Ai? + R^- 3\Ric\^)g = a 2 [g) - \^gRg. 

where A = ^ for the Euclidean metric. We remark that the term a 2 plays an 
important role in some recent work [GGY] in conformal geometry, where the sign of 
^M{^ 2 )gdvg is used to study existence of metrics with positive Ricci curvature on 
compact, closed manifolds of dimension 4; also the relation (4.28) between 02 and 
Q 4 plays a crucial role in the proof of the results in [GGY]. 
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